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Abstract

The accuracy of a numerical scheme for real-time inverse control of piezoelectric
actuators taking into account both hysteresis and creep effects is analyzed with
respect to the time step and the memory discretization parameter. It is shown that
the error is of the first order for Lipschitz continuous inputs.
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Introduction

The aim of this paper is to investigate the convergence rate of the numerical
scheme proposed in [5] and based on a model from [7,8] for real-time inverse
control of piezoelectric actuators which exhibit non-negligible hysteresis and
creep effects in the constitutive relation between the time-dependent voltage
u and deformation x. We write this relation in the form

Flu)(t) = x(t) forall te [0,T], (0.1)

where T > 0 is a given final time, and F' is an operator in the space C[0,T] of
real-valued continuous functions. The problem consists in inverting the above
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relation, that is, for a given function = € C[0,7], we look for a function
uw € C[0,T] such that (0.1) holds with a prescribed accuracy.

The construction of F' is based on the so-called Prandtl-Ishlinskii model in-
troduced originally in [9,3] as a model of one-dimensional elastoplasticity. It
is defined as a (possibly infinite) composition of elementary elastoplastic one-
yield cells with different yield limits and different elasticity moduli. A math-
ematical justification of the model by homogenization techniques was given
in [2]. Mathematical properties of the model have been systematically investi-
gated, see [1,10,4,6], including the Lipschitz continuity of the Prandtl-Ishlinskii
operator and its inverse under appropriate assumptions.

The Prandtl-Ishlinskii model is rate-independent and cannot account for creep
effects. We therefore define a ‘creep component’ of F' by composing elemen-
tary viscoelastic cells according to the Prandtl-Ishlinskii scheme. The com-
bined operator is investigated in [5], in particular the existence and Lipschitz
continuity of the inverse operator F~!: C[0,T] — C]0,T]. The main result
of the present paper (Theorem 2.1 below) consists in estimating the accuracy
of the time-discrete and memory-discrete approximation of F~'. We derive
an error estimate of the order «+ m,(h), where h is the time step, a is the
memory discretization parameter, and m, is the continuity modulus of the
input x.

1 Hysteresis and creep operators

We first introduce the main building blocks of our construction called play
and creep operators.

Definition 1.1 Let IT denote the set of all functions 7 € WH>(0,00) with
compact support such that |7'(r)] < 1 a.e., and let 7° € II and & €
W12°(0,00) be given. Then

(i) the play operator p,[r°, -] : C[0,T] — C[0,T] with threshold r > 0 is
defined as the solution operator p.[7° u](t) := 7,(t) which with every given

function uw € C[0,T] associates the solution , of the variational inequality
written in a Stieltjes integral form

u(t) — m.(t) € [-r,7] vVt € [0,7],
J(u(t) = m(t) —wt) dr.(t) > 0 Ywe C0,T), |Jw||w <7, (1.1)
7,(0) = max{u(0) — r, min{x°(r), u(0) + r}},

where || - ||« denotes the sup-norm;



(ii) the creep operator (4[] : C[0,T] — C0,T] with parameter X\ > 0 is
defined as the solution operator (\[€°, u](t) := &\(t) which with every given
function uw € C[0,T| associates the solution & of the differential equation

%Q(t) + (1) = u(t), E\(0) =¢°(V), (1.2)

where the dot denotes derivative with respect to t.

The Stieltjes integral setting of 7, was introduced in [6]. We actually have
the following explicit formulas for the operators ¢y, p,:

GIES () = e M EON) + A / A0 (1) dr (1.3)

and if the ‘input’ function u is monotone in an interval [to,?;], then for ¢ €
[to, t1] we have (see also [4]) that

) max{p,[7°, u|(to), u(t) — r} if w increases,
pe[m, ul(t) = (1.4)
min{p, [7°, u](t), uw(t) +r} if u decreases.

For each u € C0,T], we define the value F[u] of the hysteresis and creep
operator F : C[0,T] — C[0,T] by the Stieltjes integral formula

o0

Flul(t) = au(t) + [ plr®,ul(t) df () + [ 10, ul(t) dg(n) (1.5)

0

under the following hypothesis.

Hypothesis 1.2

(i) @ >0 is a given constant, f,g: [0,00[— [0,00[ are bounded nondecreasing
right-continuous functions, f(0) = g(0) = 0, f* = f(c0) < 00, ¢* :=
g(o0) < o0, I':= ["(¢g" = g(A)) dA < 0.

(i) €% € Wh*(0,00) and 7° € Il are given functions, 7°(r) =0 for r > R.

The spaces I and W1*>(0,00) are the state spaces for the operator F. This
means that for every u € C[0,7] and every fixed time ¢, the function r —
p. [0, u](t) belongs to II, the function \ — £,[£%, u](t) belongs to W1=°(0, c0)
and these two functions fully determine the state of the system at time t. More
precisely, we have the following result.



Lemma 1.3 Let v € C[0,7] and t € [0,T] be given and let Hypothesis 1.2
(11) hold. For >0 and A >0 put

(r) = po[r", ul(t),  E(A) = GIE", u](1). (1.6)

We then have

(i) |7(r+p)—n(r)|<p forevery r>0, p>0,
(i) 7#(r)=0  for r > max{R,||u||e},
(i) [1€ll < max {[I€°] s lullo}
(iv) [6+ ) = €N < e max{1, 2T} (|[€]y o0 + [lull) YA >0, p>0,

where ||+ |10 denotes the norm in W1>(0,00).

Proof. Statements (i), (ii) follow from Corollary I1.2.6 of [6], and (iii) follows
immediately from Eq. (1.3). To prove (iv), we first notice that

ENF 1) — ) = e MO\ ) — e MEO(N) (1.7)

t
+ / )\ + p)e AT )\6_)‘7> uw(t —7)dr,
0
where

O 4 ) — e EW)| < e (- e+ (18)
HEN+ ) = W) < u(TIE . + 1148 /dAl, ) -

To estimate the integral on the right-hand side of (1.7), we introduce the
number 7 := ilog(l + £). Then

t>71" = /‘ A4 p)e AT N M Idr (1.10)

=2 M (1—e ) —e M1 —et) < 2ur* < 2uT.
Combining (1.7) — (1.10) we obtain the assertion. |
The following invertibility result was proved in [5].

Theorem 1.4 Let F be given by (1.5), and let L := (2/a) — (1/(a + [*)).
Then for every x € CI[0,T] there exists a unique v € C[0,T] such that



Eq. (0.1) holds. Moreover, if x,y € C[0,T] are given and Flu] =z, Flv] =y,
then

Ju = vlloe < L™ o =yl (1.11)

2 Discrete inversion and statement of main results

We first discretize the operator F' with respect to the ‘memory’ variables r, \.
Given a discretization parameter o > 0, we replace the functions f and ¢ in
Eq. (1.5) by step functions f,, g, of the form

f(r;) for rerq,nl,i=1,...,n,
folr) :== (2.1)
f* for r>r,
A) for Aeh Nl g=1,...,m,
ga()\) — g( ) [ J—1 ][ ] (22)
g* for A > A\,
where 0 =7rg <1y < -+ <7y, 0= X < A\ <--- < A, are given sequences
such that
fr=1rf0r) < a, (2.3)
/(g* —g(A)dA < o, (2.4)
)\m
S(f(ri) = flrica)(ri —rim1) < a, (2.5)
i=1
Y (g(N) = g(N))(N = Aj) < . (2.6)
j=1
Fori:=1,...,n, j=1,...,m put
bi == f(riv1) — f(ri),  cj = g(Ng1) —g(N)), (2.7)

where we denote f(rn41) := f*, g(Amy1) := g*. For every continuous function
v:]0,00[ — R we then have

[ oty dfatr) = Zb() [o)dgan) = ilcjvm, (2.8)



and from Hypothesis 1.2 (i) it follows that

o0

icm = /(g*—ga(mdx < /(g*—g()\))d)\ = T. (2.9)

0

Let now x € C[0,T] be a given function and let h > 0 be a given time step.
We define the sequences indexed by k£ =0,1,..., N :=[T/h]

The method proposed in [5] consists in replacing Eq. (0.1) by the discrete
system

aug+ > b+ ;& =ay, k=0,...,N (2.11)
=1 7=1
with unknowns wo, ..., uy, where b;, c; are given by (2.7), and

T, = min {ug + 7y, max {7°(ry), up — Ti}}v
f(]) - fO(Aj>7

7'(',1 = min {”Ll,k —+ T;, max {ﬂ-/icfl? U — Ti}}a
é‘i = e_)‘fhfi_l + (1 — 6_)‘jh>uk—1

fori=1,...,n, j=1,...,m and k =1,...,N. We solve Eq. (2.11) con-
secutively passing from & — 1 to k. At each step k, Eq. (2.11) has the form
Py(ug) = yp, where Py(uy) := aup+ X1, b;7i, is an increasing piecewise affine
function of uy, Pi(v) > a fora.e. v € R, and y; := x;, — X2 A & is known.
The sequence {u}_, is therefore uniquely determined by Eq. (2.11).

We measure the accuracy of the method by estimating the sup-norm of the
difference between the exact solution v = F~![z] of Eq. (0.1) and the linearly
interpolated sequence {uy}. The main result of this paper can be stated as
follows.

Theorem 2.1 Let Hypothesis 1.2 be satisfied, let v € C[0,T], and a,h > 0
be given and let {uy}i_, be the solution of Eq. (2.11). For t € [0,T] put

u(t) == F2)(t), (2.16)
Up—y + ZE=L (uy —up_y), t € [te_rsti], k=1,...,N,

a(t) = k—1 = (ug k1) [tr1, k| (2.17)
un , tE[tN,T].



Then there exists a constant C' > 0 depending only on R, ||, a, f*,
g*, T, and T (in particular, independent of x, «, and h) such that

lu — il < C((a+ )1+ [|z]l) + ma(h)). (2.18)

where, for a function w € C[0,T], the continuity modulus m,, : [0,00[—
[0,00[ of w is defined by the formula

my(h) = max {Jw(t) —w(s)|: 0<s<t<T, t—s<h}. (2.19)

We have indeed liminf, oy m,(h)/h > 0 for every nonconstant function
w € C[0,T]. The optimal error estimate obtained from Theorem 2.1 for a
Lipschitz continuous function x is therefore of the order o+ h.

For practical purposes, it would be more convenient to estimate the error of
the piecewise constant approximation @ of u defined as

Up_1,t € [tp_1,t|, k=1,...,N,
at) =4 fi-r: 1] (2.20)
un , tE[tN,T].

We have |u(t) — a(t)] < mg(h) for every t € [0,T], hence Lemma 4.2 below
and (2.18) yield for ||u — || and ||u — || estimates of the same order.

The proof of Theorem 2.1 is divided into several steps. In Sect. 3 we esti-
mate the error due to the discretization of the operator F', and in Sect. 4 we
investigate the time discretization error and finish the proof of Theorem 2.1.

In what follows, we denote by C,Cs, ... any constants depending only on the
data R, |10, a, f*, ¢*, T, and T as in Theorem 2.1.

3 Approximation of the operator F

In this section we derive a uniform bound for the difference ||F[u] — F,[u]||~
for an arbitrary function u € C[0,T], where F, is the operator

[ee]

Fulul(®) = au®) + [ p[r al®) dfar) + [ O uht) dga(n)  (3.1)

0

= au(t) + Xn:bipri[wo,u](t) + icj (y, [€°,u](t),

=1



according to the notation introduced in Sect. 2. We first recall an estimate for

the Stieltjes integral.

Lemma 3.1 Let v be a right-continuous bounded nondecreasing function,
v = y(400) < 00. Let M > 0 be a given constant, and let v : [0,00[ — R

be a function such that

lv(s+0)—v(s)| < Mo Vs >0, Yo > 0.

(3.2)

Let a > 0 be given and let 0 = 59 < 51 < -+- < 5, be a sequence such that

q

Sy = (v(si) = v(sim1))(si = sim1) < a.

=1

Assume that

(i) either v* —~(s,) < a and v(s) =0 for s> R,
(i) or [o (v —7(s))ds < a.

Let us define the step function

*

V(si), s € [sic,sl, i=1,....q,
7a(s> =
v, § 2> Sg

Then we have

[ () dtra = )(s)

- { aM(1+R) in case (i),

2aM in case (ii) .

Proof. For every z > s, we have

z z

[ () d0ra = )(5) = 0(2) (" = 9(2) = [ (5) (als) = 2(5)) s

0 0
In case (i) this yields for z > z, := max{R, s,} that

z

[ w(s)dra = )s)

(3.3)

(3.4)

(3.5)

(3.6)



In case (i) we have |v(z)| < |v(0)|+ Mz, and using for z — oo the inequality

z

~(r = 1(2) (33)

JOr=a(s)ds

z/2

we obtain lim, ,., v(z) (v* — 7(z)) = 0. From Eq. (3.6) it follows that

[ () dtra = )(s)

< M [ (a(s) = 7(s) ds (3.9)

IN

M /(7*—7(5))ds+57 < 2aM,

Sq
and Lemma 3.1 is proved. |

Combining Lemmas 3.1 and 1.3 we immediately obtain the following result
which concludes this section.

Proposition 3.2 Let Hypothesis 1.2 be satisfied, and let uw € C[0,T] be given.
Then for every a > 0 we have

|F[u] — Folul|l, < a®, (3.10)

o0

where F, is the operator defined by Eq. (3.1), and ® := 14+ max {R, |[u]|_} +
2max{1, 2T} (€0 o + 1l )

4 Discretization error

The final goal of this section and of the whole paper is to prove Theorem 2.1.
We start with an easy consequence of Eq. (2.14).

Lemma 4.1 With the notation of (2.11) — (2.15), put

wy, = aug + b (4.1)
=1

for k=0,...,N. Then the implications

Uk = Ugp—1 =~ Wk = Wk_1, (42)



Wy — Wg-1
Uk — Ug—1

U #F Uy = a < <a+ f*

hold for all k=1,...,N.

(4.3)

In the next step, we prove that Eq. (2.11) preserves the continuity modulus.

Lemma 4.2 Let the hypotheses of Theorem 2.1 be fulfilled. Then there exists

a constant Cy such that

mi(h) < Cy(h(1+[x(0)]) +ma(h)).

(4.4)

Proof. With the notation of Lemma 4.1, we can rewrite Eq. (2.11) in the form

m
we + Y ¢ &L = .
j=1

Putting

b; =1—e¢N" for j=1,...,m,

we have by (2.15) for k=1,..., N that

o= 1=8)8 1+ bu,

hence

up — & = up — w1 + (1= 6;) (w1 — &)
From (4.5), (4.7) it follows that

m
W — Wi_1 + Z Cj (5j(uk_1 - ﬁi—l) = T — Tk—1-
7=1

For all admissible values of indices k, j we formally denote

Uk == up — Up—1,
Xp = Tp — Tp_1,
Jo._ J

Vi = o (u — &)

m .

o J

Wi = ZVk.

Jj=1

10

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)
(4.11)

(4.12)

(4.13)



By Lemma 4.1, for every k =1,..., N there exists o} € [a,a+ f*] such that

Wg — Wp—1 = Ok (uk — uk,l) . (414)
Eqgs. (4.9), (4.8) then have the form

UkUk + Wk—l = Xk, (4.15)
V] — (1= 6)V{ | = ¢;6; Uy, (4.16)

hence the identity

. . W. X
V;g — (1 — @)V,ﬁ,l + Cj&j $ = Cj(Sj —k (417)

Ok Ok

holds for all j = 1,...,m, k = 1,...,N. By induction we obtain from
Eq. (4.17) that

: : X W,
Vii= (1= 8)F Vi + ¢p6; S ot

p=1

(1—6;)Fr. (4.18)

Op

To estimate the right-hand side of (4.18), we first notice that

0 < 6; <min{l, \;h} forj=1,...,m, (4.19)

and from (2.9) it follows that

> ¢jé6; < Th. (4.20)
7=1

This yields

m k W, ~ Fh k—1
PIZLID D ~(1— 8| < — 2 W (4.21)
J=1 p=1 p p=0
and similarly

m k X B m, h) ™ k—1
chéjz_p(l_‘sj)k P < (1) ZC]‘(SJ‘ Z(l—5j)p (4.22)
j=1 p=1 9p a 54 p=0

) & *

Sm( )ch < g—m$(h)
a a

11



To estimate the terms Vj , we use (2.11) for k=0. For i =1,...,n put

7o = min {ri, max {7°(r;) —Ti}}. (4.23)

Similarly as in Lemma 4.1 we have

n : n A
aug + Y by — D, b7

U Z0 = a < < a+ f*. (4.24)
Uo
From (4.24) and (2.11) it follows that
1 — 7 = ~7 1 *[| 0 *
uol < Lo~ > s~ S bih| < - (10(O)] + g I+ FOR), (425)

and (4.20), (4.25) entail

m m Ih
Z::l_é ojﬁg []JST

(Je(O)] + (@ + g + S°R) . (4.26)

Summing Eq. (4.18) up over j and using (4.21), (4.22), and (4.26) we obtain
for every £ =0,..., N that

W] < %h S WL + Cz( (14 |x(0)]) + mx(h)), (4.27)

p=0
with a constant Cy independent of h, k, and x and the induction yields

Wil < Co(h(1+[2(0)]) + ma(h)) <1+gh>k Vk=0,...,N. (428

Recall that we have N < T/h, hence
r k
(1 + —h) < et (4.29)
a

and using Eq. (4.15) together with inequalities (4.28), (4.29) we find a constant
C1 > 0 such that

fur — ur—a| < Ci(h(1+]2(0)]) + mu(h)) VE=1,...,N. (4.30)
In particular, Ineq. (4.4) holds and Lemma 4.2 is proved. [

12



Lemma 4.3 Let @ be the function defined in Theorem 2.1 and let F, be the
operator given by Eq. (3.1). Put & := F,[u]. Then there exists a constant
C53 > 0 such that

li =2l < Cs(h(1+ [2(0)]) +ma(h)). (4.31)

Proof. For every k=0,..., N we have by (1.4) that

aii(ty) + D bip,[7°,a](ty) = aup + > b (4.32)
i=1 =1
Put
& = 0,0 al(ty) for k=0,....N,j=1,...,m. (4.33)

Then & = &) = €%(\;) for all j, and for t € [ty_y,t;] we have

¢
Exj[ﬁo,fb](t) = e_’\f(t_t’“‘l)éi_l + A / eAj(T_t)lAL(T) dr, (4.34)

th—1

hence

1 67)\]%

f=eNhd 4 (1 - e*&h) w1 + (1 - ﬁ) (up —ug_1)  (4.35)
J

foreach j=1,...,m, k=1,...,N. From (4.7) we obtain that

A~ . . ~ - . 1 _ 6*)\jh
G-l < MR-+ (1-2557) 0 s
J
hence
gl < malh) (g~ 17 ) < malh) (437)
- 1-— 6_)‘jh )\]h -
for every k = 1,...,N, 5 = 1,...,m as a consequence of the elementary

inequality 1/(1 —e %) < 1+ 1/z for every z > 0. From (4.37), (4.32), (2.7),
(2.11) we obtain for all £ =0,..., N that

#(t) — 2(te)] = < g ma(h). (4.38)

iq@—@

13



Let now t € [ty, tx_1] be arbitrary for £ =1,..., N+1, where we put ty,q :=
T. By (1.4) we have

at(t) + 2”: bi p,, [7°, 0)(t) — ad(ty_1) — Zn: bi pr, [0, ) (tr—1)

< (a+ f)]alt) — alten)| < (a+ 1) ma(h)

(4.39)

and from (4.34) and Lemma 1.3 it follows for every j that

|03, 1%, @ (2) = 03, [€%, al (b5 1)| < (1 — e Mlt) <‘g;’1‘ + max |uk|> (4.40)
< At (11€°01 + 2 mpx )
By (4.25) we have

N my h
m/?X|uk| < |u0|+Z|uk—uk_1| < C’4(1+|x(0)|)+TA
k=1

. (4.41)

hence

\éxj [, a)(t) — Oy, [&“,a](tkfl)\ < Cs Aj (h(1+ |2(0)]) + ma(h)). (4.42)

Combining (4.39) with (4.42) yields for ¢t € [ty 1,t], k=1,..., N +1 that

#(6) — (e )] < Co(h(1+ [ O)]) +ma(B) (1.4

We therefore have

(1) — x(t)| < [2(t) = L(th-1)| + |2(te—1) — 2(te—1)| + [2(8) — 2(tx—1)]| (4.44)
< Cr(h(1+12(0)]) + ma(h)) + m.(h)
and to complete the proof of Lemma 4.3, it suffices to use Lemma 4.2. [ |

The above estimates enable us to prove Theorem 2.1.

Proof of Theorem 2.1. For every a > 0, the operators F, satisfy Hypothesis
1.2 with the same value of a, f*, ¢* and I". By Theorem 1.4 we therefore have

Le""T||F,[u] — Fud]|., (4.45)
Le"™ T (|Fufu] = Flulll, + llo =2l -

lu— il <
<

[

14



By Proposition 3.2 we have

[Fafu] = Flulll, < aCs (14 [lufl), (4.46)

o0

and Theorem 1.4 yields [|u|l < LeX" ||z — F[0]||o , where

o0

Co+ [N dg(N)

0

[E0)()] = < Ch, (4.47)

hence ||ul|l < C11(1 + ||2z||), and the assertion follows from (4.45), (4.46),
and Lemma 4.3. |
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